We study geodesics in the complete family of expanding impulsive gravitational waves propagating in spaces of constant curvature, that is Minkowski, de Sitter and anti-de Sitter universes. Employing the continuous form of the metric we rigorously prove existence and global uniqueness of continuously differentiable geodesics (in the sense of Filippov) and study their interaction with the impulsive wave. Thereby we justify the "C 1 -matching procedure" used in the literature to derive their explicit form.
Introduction
Impulsive gravitational waves for some time now have served as simple yet interesting models of exact radiative spacetimes in Einstein's theory describing violent but short bursts of gravitational radiation, see e.g. [1, Ch. 20] . Also they are spacetimes of low regularity described either by a (locally Lipschitz) continuous metric or even by a distributional metric. Consequently, these geometries are also interesting from a mathematical point of view, raising questions in non-smooth Lorentzian geometry -a topic that has recently attracted some attention (e.g. [2] [3] [4] [5] [6] ).
Indeed, in the case of impulsive pp-waves [1, Sec. 20.2], i.e., nonexpanding impulsive waves in Minkowski space, the discontinuous transformation between the distributional Brinkman form of the metric and the Lipschitz continuous Rosen form has been put into the mathematically rigorous framework of nonlinear distributional geometry in [7] . At the heart of this result lies a good mathematical understanding of the geodesics in both forms of the metric. With the long-term objective in mind to generalise this result to nonexpanding impulsive waves propagating on all backgrounds of constant curvature with any cosmological constant Λ, recently their geodesics have been studied in the continuous form [8] as well as in the distributional form [9] (using a 5D-formalism). In particular, in the continuous form it was essential to use a general solution concept due to Filippov [10] -well known in ODE-theory -to cope with the geodesic equation which has a discontinuous but bounded right hand side.
In this work we transfer this approach to expanding impulsive waves, see e.g. [1, . More precisely, we consider the entire class of expanding impulsive waves propagating on spaces of constant curvature -Minkowski space, de Sitter and anti-de Sitter universes (with vanishing, positive and negative cosmological constant Λ, respectively). It is well known that the mathematical intricacies connected with the distributional form of the metric and its relation to the continuous form are much more severe in the expanding case. Nevertheless relevant progress has been achieved in [11] [12] [13] [14] -although partly only formal. On the other hand, using the continuous form of the metric the geodesics have been explicitly described in [15] for Minkowski background and in [16] for general Λ. Both of these works used a "C 1 -matching procedure": The geodesics of the background spacetime on both "sides" of the impulsive wave were matched on the wave surface. However, to obtain the correct number of equations to match all integration constants "before" and "behind" the wave impulse it had to be assumed -without proof -that the geodesics are continuously differentiable curves. It is the main objective of this work to supply such a proof.
We begin, however, in Section 2 with a rather detailed review of the complete class of expanding impulsive gravitational waves in spaces of constant curvature, including various methods of their construction. In particular, we collect all the main forms of the metric in a unified notation to also provide a point of reference for future work. We focus on particle motion using the continuous form of the metric in Section 3. We briefly review previous work [15, 16] and derive the equations for the real form of the metric in Section 3.1. Then, in Section 3.2 we employ the Lipschitz property of the continuous form of the metric which allows for an application of Filippov's solution theory for ordinary differential equations with discontinuous right hand sides to solve the geodesic equations. In this way the existence and the C 1 -regularity of the geodesics is obtained from a general result [17] . However, the quest for uniqueness becomes delicate since it is no longer possible to argue on general grounds (cf. [8, Sec. 3 .3]) but we have to combine arguments exploiting the geometry of the spacetimes at hand with basic facts from Filippov's theory. In particular, we provide a detailed study of the interaction of the geodesics with the wave impulse and in this way we prove in Section 3.3 that the geodesic equations possess globally unique continuously differentiable solutions. This turns the "C 1 -matching procedure", employed in [15, 16] and reviewed in Section 4, into a mathematically valid technique to explicitly derive the geodesics that cross the impulse. Moreover, we also find (spacelike) geodesics that touch the impulse which have not been considered in the context of the matching procedure so far.
Exact expanding impulsive gravitational waves in spacetimes of constant curvature
Physically, impulsive gravitational waves arise most naturally as a limit of a suitable family of sandwich waves with profiles of ever "shorter duration" ε which simultaneously become "stronger" as ε −1 . Mathematically, this amounts to a distributional limit of a sequence of sandwich profiles which converges to the profile δ, the Dirac function. An impulsive gravitational wave is thus localised on a single wave-front, which is a null hypersurface. Interestingly, there exist several alternative methods of construction of such exact expanding solutions to Einstein's vacuum field equations. They will now be summarised and compared, together with the appropriate references to original works.
The Penrose "cut and paste" method
A fundamental geometric method for constructing impulsive (purely) gravitational spherical waves, expanding in backgrounds of constant curvature, was introduced (for flat space) by Penrose in his seminal work [18] . The general method starts with the following unified form of Minkowski (Λ = 0) or (anti-)de Sitter (Λ = 0) spacetime
on which the transformation (2) is applied. The background spacetimes of constant curvature thus take the form
In these coordinates, the hypersurface U = 0 is a future null cone N (a sphere expanding with the speed of light) since U (V − U ) = ηη − U V = 0. The Minkowski or (anti-)de Sitter manifold M can thus be divided into two parts, namely M − (U < 0) inside the null cone N , and M + (U > 0) outside of it. The Penrose "cut and paste" construction is based on re-attaching these two parts M − and M + with a particular "warp" along N , generated by an arbitrary complex valued function h(Z), see Figure 1 . Specifically, the Penrose junction conditions prescribe the identification
of the corresponding points from the two re-attached parts across the expanding sphere U = 0. two parts M − and M + along a future null cone N . These parts are then re-attached with an arbitrary "warp" in which points on both sides of N are identified. Such a construction generates spherical impulsive gravitational waves expanding in these constant-curvature backgrounds.
In [18] Penrose only considered the case Λ = 0, = 0, see also [19, 20] . 1 The generalisation to the cases Λ = 0, = 0 and Λ = 0, = +1 was found by Hogan in [22] and [23] , respectively (see also [20] for arbitrary ). The completely general form (3), (4) was subsequently found by Podolský and Griffiths [11, 12, 24] .
Continuous coordinates
The Penrose "cut and paste" method, although illustrative, does not provide explicit metric forms of the complete spacetimes. We now do so, following and extending Hogan [23, 25] , and perform another transformation of (1), generalising (2) but still linear in U and V , given by
where
and h = h(Z) is as above. Interestingly, the coefficients (6) satisfy the non-trivial identities
implying ηη − U V = U (V − U ). The null cone N is thus again located along U = 0. With the transformation (5), (6), the metric (1) of any constant curvature space becomes
Notice that (5), (6) reduce to (2) for the simplest choice h(Z) = Z implying H = 0. We now combine the line element (8) for U > 0 with the metric (3) for U < 0 to obtain
where U + (U ) is the kink function defined as U + (U ) ≡ 0 for U ≤ 0 and U + (U ) ≡ U for U ≥ 0, i.e., U + = U Θ(U ) where Θ is the Heaviside step function. This metric was presented for Λ = 0 in [19, 23, 25, 26] , for Λ = 0 in [22] , and in the most general form in [11, 12] . 2 Since the kink function is Lipschitz continuous the metric (9) is locally Lipschitz in the variable U . Thus, apart from possible singularities of the function H, the spacetime is locally Lipschitz. Recall that by Rademacher's theorem a locally Lipschitz metric g (denoted by g ∈ C 0,1 ) possesses a locally bounded connection, and so the metric is well within the "maximal" distributional curvature framework as identified by Geroch and Traschen [28] : Indeed a metric of Sobolev regularity H 1 loc ∩ L ∞ loc allows to (stably) define the curvature in distributions, see also [29, 30] . Since locally Lipschitz metrics possess no bound on the curvature (in L ∞ ), the discontinuity in the derivatives of the metric introduces impulsive components in the Weyl and curvature tensors, namely Ψ 4 = (p 2 H/V ) δ(U ) and Φ 22 = (p 4 HH/V 2 ) U δ(U ). Clearly, the spacetime is thus conformally flat everywhere except on the impulsive wave surface U = 0. It is a vacuum solution everywhere except at V = 0 on the wave surface U = 0 where a curvature singularity ("origin of the impulse") is located, and at possible poles of the function p 2 H. Hence it is most natural to only consider the region V > 0 of the spacetime.
The above procedure is an explicit version of the "cut and paste" construction since by comparing the transformations (2) at U = 0 − with (5), (6) at U = 0 + , we obtain exactly (4).
The geometrical meaning of the function h(Z). The generating complex function h(Z) provides a geometric interpretation of the junction conditions (4), see [12, 19] : Evaluating the ratio η/V using (2) and (5) for U < 0 and U > 0, respectively, we find that on the impulse
By (1) we have η/V = (x + i y)/(t − z) in Minkowski and also (anti-)de Sitter space, see [1, or [16] . This is the relation for a stereographic projection from the North pole of the sphere onto its equatorial plane. This permits us to represent the wave surface U = 0 either as a Riemann sphere or as its associated complex plane parametrized by the coordinate Z. Accordingly, the Penrose junction condition (4) can equivalently be understood as a mapping on the complex plane Z → h(Z). This insight can be used to construct explicit solutions: For example, we may assume that the region U < 0 inside the impulse represented by Z = |Z|e iφ covers the complete sphere, φ ∈ [−π, π). However, the range of the function h(Z) in general will not cover the entire sphere outside the spherical impulse for U > 0. In particular, the complex mapping
where δ > 0, covers the plane minus a wedge as arg h(Z) ∈ [−(1 − δ)π, (1 − δ)π). This represents Minkowski, de Sitter, or anti-de Sitter space with a deficit angle 2πδ, which may be considered to describe a snapped cosmic string in the region outside the spherical impulsive wave. The string has a constant tension and is located along the axis η = 0. The corresponding metric takes the form (9) with H generated from (11), i.e. H = [12] for more details. Also quantum fluctuations and aspects of particle creation on such expanding spherical impulsive and shock waves were analysed (in different coordinates) by Hortaçsu [26, 31] and his collaborators [32] [33] [34] . More generally one may, e.g., construct impulsive waves generated by two colliding and snapping cosmic strings [19] , see also [12, 35] .
Contracting and expanding impulses. Hogan in [36] has considered a natural extension in which the impulse in addition to the future null cone N is also located along the past null cone. Such a spacetime contains both imploding and exploding impulses, with a curvature singularity at the common vertex. We now extend Hogan's construction [36] to arbitrary Λ and by introducing V = V − U and modifying (9) to
Here the two complex functions H(Z) and G(Z) characterise the expanding and the contracting impulse, respectively. The complete null cone is now given by ηη − U V = U V = 0, and the Weyl tensor components are Ψ 4 = (p 2 H/V ) δ(U ) and Ψ 0 = − (p 2Ḡ /U ) δ(V ), with Ψ 4 and Ψ 0 representing the exploding and the imploding impulse, respectively. Such a spacetime is algebraically general. At U = 0 = V there is a highly complicated physical singularity.
Limits of sandwich waves
We now turn to the construction of expanding impulsive waves as distributional limits of sandwich waves in a suitable family of exact radiative spacetimes -as mentioned at the beginning of this section. It was explicitly argued in [11] that the full family of solutions for expanding spherical gravitational waves can be considered to be an impulsive limit of the class of vacuum Robinson-Trautman type N solutions with a cosmological constant.
Robinson-Trautman sandwich waves. The standard metric [37, 38] of Robinson and Trautman (see also [39] and [1, 40] 3 ) reads
in which the function P (ζ,ζ, u) has the general form [41]
where F = F (ζ, u) is an arbitrary complex valued function of u, holomorphic in ζ, and = −1, 0, +1 determines the Gaussian curvature K = 2 of each wave surface u = const. on r = 1, spanned by ζ. For the simplest case F = ζ and Λ = 0 we obtain the metric (3) of Minkowski space, with the identification u = U , r = V , ζ = Z, and P = p.
As shown in [37, 38] and the work by Newman and Unti [42] , recently reviewed and generalised in [43] , the coordinates employed in (13) are the most natural ones for twist-free spacetimes, having a clear geometrical meaning: Consider any worldline γ in flat space. At any event P on γ construct the future null cone C τ = {u = τ }, where τ is the parameter value of P along γ. The resulting family of null cones (locally) foliates the spacetime. Now, introduce the coordinate r as the affine parameter along the null generators of C τ , normalised such that r = 0 labels P ∈ γ. 4 Finally, introduce two spatial coordinates to label all points on the sections r = const. on C τ . In the case = +1 this is a 2-sphere, most naturally paramete-
The simplest choice is to consider special geodesic trajectories with velocity normalised to − , i.e., a static timelike observer ( = +1), a null geodesic ( = 0), or a spacelike (tachyonic with infinite speed) geodesic ( = −1). For these choices the hypersurfaces C τ are shown in Figure 2 . It can be seen that the most natural choice is = +1 which gives a (global) foliation of the spacetime. The cones nicely fit one into another and the wave surfaces at any time form concentric spheres. It is thus the best candidate for performing the impulsive limit of sandwich gravitational waves, resulting in the impulse located on a single wavefront u = 0.
3 To achieve a consistency throughout this review we introduced an inversion u → −u as compared to [1] . Also notice a different scaling gauge ζ → √ 2ζ, u → √ 2u, r → r/ √ 2 which gives the factor 2 in the term 2 . 4 In fact, the vector field ∂r generates the (quadruply degenerate) principal null congruence which is geodesic, shear-free, twist-free and expanding in the case of metric (13). The inner region u < 0 is free of topological defects, while the external region u > u 1 > 0 contains a cosmic string (thick line) which "disintegrates" within the sandwich (zigzag line), generating the wave.
The family of such sandwich waves was introduced by Griffiths and Docherty in [44] and further studied in [13] for all possible values of Λ and signs of . The metric has the Robinson-Trautman canonical form (13), (14), with the function F (ζ, u) taken to be
where g(u) is any positive function of the retarded time u. Consequently,
where g = g ,u , and
) is the only non-trivial component of the Weyl tensor. The solution is thus conformally flat (i.e., Minkowski or (anti-)de Sitter background) if and only if g is a constant. In general, this is an exact RobinsonTrautman gravitational wave with an arbitrary profile determined by g(u). Interestingly, the term (log P ) ,u in (13) and also Ψ 4 are both proportional to the same wave profile, namely g /g.
The simplest sandwich-wave is obtained using the continuous function g(u) given by
where a, u 1 are positive constants [44] , [1, Sec. 19.2.3] so that g = −a within [0, u 1 ]. Outside this wavezone g = 0 so that the spacetime is (conformally) flat. However, ahead of this sandwich wave in the region u > u 1 > 0 there is a topological defect at ζ = 0 or ζ = ∞ (since g < 1) representing a cosmic string with the deficit angle 2πau 1 . The region u < 0 behind the wave contains no such defect (because g = 1). The solution (15) , (17) has thus been interpreted as a breaking of a cosmic string in a conformally flat background in which the tension of the string (deficit angle) reduces uniformly to zero. Such a cosmic string decay generates a gravitational wave, see the lower part of Figure 2 .
The derivative of the function g given by (17) has discontinuities |g | = a at u = 0 and u = u 1 , so that there are shocks on the initial and final wave surfaces of the sandwich (for discussion of spherical shocks see [20] ). More general families of sandwich waves without such discontinuities in the metric and Ψ 4 can be constructed by considering smooth functions g(u). Moreover, if g = 1 on both sides of the sandwich, the Minkowski or (anti-)de Sitter background does not contain a cosmic string either in front of nor behind the wave.
Robinson-Trautman impulses. Using the model (17) , it is easy to perform the impulsive limit of such Robinson-Trautman sandwich waves by taking the limit u 1 → 0, keeping γ ≡ au 1 > 0 fixed. This yields the function [14] 
i.e., g(u) = exp[ c Θ(u)], where c = ln(1 − γ) < 0 and Θ is the step function, in which case
where δ(u) is the Dirac delta. We thus indeed obtain an impulsive gravitational wave, with the Weyl curvature tensor localised on the single wavesurface u = 0. Notice that the Dirac δ also directly enters the metric via the (log P ) ,u term in (16) . This leads us out of the GerochTraschen class [28] of metrics, but due to the simple geometrical structure it is still possible to calculate the curvature as a distribution. The ansatz (15) has also been generalised to obtain sandwich and impulsive waves with a richer structure, for example two impulses or a bending string, see [13] . Alternatively, the family of Robinson-Trautman type N metrics (13) can also be expressed in terms of García-Plebański coordinates [45, 46] as
where ψ = 1 + ξξ, f (ξ, u) is an arbitrary complex valued function, holomorphic in ξ, and Q = (f ,ξ +f ,ξ ) − 2 ψ −1 (ξf + ξf ), see also [20, 38] . This line element is related to (13) via the transformation ξ ≡ F (ζ, u) with F ,u = f (F (ζ, u), u), see [11, 47] . With the specific choice (15) convenient for sandwich and impulsive waves, this corresponds to [14] f (ξ, u) = (g /g) ξ log ξ .
In particular, for (18), (19) which represents a snapping string accompanied by an impulsive spherical gravitational wave localised at u = 0, the functions are
see [14] . However, observe that the form of the metric (20) with (22) has to be considered as being only formal, since it is quadratic in f and so explicitly contains a square of the Dirac δ. Finally, the Robinson-Trautman impulsive spacetimes (20) with f ≡ f (ξ) δ(u) can also be rewritten in the alternative form
where the profile function f (ξ) is any complex valued (holomorphic) function of the spatial coordinates ξ. This is obtained from the García-Plebański coordinates (20) by the transformation
implying δ(u)du = δ(ū)dū, with the spherical impulse again located on the null surfaceū = 0. Clearly, for anyū = 0 the metric (23) is the Minkowski or (anti-)de Sitter background in the form (3) with the identificationū = U , v = V , ξ = Z (so that ψ = p). However, it also has to be considered as only formal since again a square of the Dirac delta enters the metric.
The relation of (23) to the continuous metric form (9) for expanding impulsive waves was found in [11] . Performing the discontinuous transformation
, and X inv i (X j ) are specific functions obtained by composing the inverse of (2) with (5), it is possible to put (23) formally into the continuous form (9) . This relation is obvious for U = 0 using the identityū(v − ū) = U (V − U ) (trivially valid for U < 0 since x i = X i , and also for U > 0 where
due to the first identity in (7)). Keeping the distributional terms arising from Θ and its derivative in the transformation, we formally obtain also the impulsive terms proportional to δ and δ 2 in (23) with f (ξ) ≡ Z inv (U = 0) − Z. Of course, much technical work is still required before such a discontinuous transformation can be put into a mathematically sound context.
Impulses generated by infinitely accelerating sources
Specific expanding spherical impulses can also be obtained from exact solutions for accelerating sources in the limit of unbounded acceleration. It was realised by Bičák and Schmidt [48, 49] and corroborated by Podolský and Griffiths [50, 51] that such impulses can be obtained from the family of boost-rotation symmetric solutions [52, 53] which describe the gravitational field of uniformly accelerating objects, typically attached to conical singularities.
Limit of the Bonnor-Swaminarayan and related solutions. Of particular interest is a special case of the Bonnor-Swaminarayan solution [54, 55] described by Bičák, Hoenselaers and Schmidt in [56, 57] which represents two particles of the Curzon-Chazy type accelerating in opposite directions. In the limit of infinite acceleration such a metric can be written as
where µ = −M = const., λ = [ Θ(ũṽ) − Θ(−ũṽ) ] M for the two semi-infinite receding cosmic strings located along the axis ρ ≡ 1 2 (ũ −ṽ)= 0. The metric is only locally bounded with λ suffering a finite jump of 2M on the null coneũṽ = 0 which again brings us out of the Geroch-Traschen class [28] . The resulting spacetime is locally flat except on the expanding sphere which is the impulsive gravitational wave, generated by two null particles which move apart in the flat background and are connected to infinity by two semi-infinite strings.
It is possible to perform a transformation to coordinates in which the metric is Lipschitz continuous [50] . It actually brings (25) exactly in the form of Gleiser and Pullin [21] constructed via their "cut and paste" method. Moreover, as shown in [50] , this metric can be cast in the classic form (9) with a real constant function H, for which, however, the geometric interpretation in terms of the stereographic correspondence is more obscured.
The above construction has been extended in [50] to a much larger class of boost-rotationally symmetric spacetimes allowing to attribute an arbitrary multipole structure to the receding particles [57] , which, however, vanishes in the impulsive limit.
Infinitely accelerating black holes. In the subsequent paper [51] Podolský and Griffiths also investigated null limits of another well-know class of solutions with boost-rotation symmetry, namely the C-metric. As shown in 1970 by Kinnersley and Walker [58] , such a metric represents a pair of uniformly accelerating black holes, each of mass m. Their acceleration A is caused either by a strut between the black holes or by two semi-infinite strings connecting them to infinity. In [51] the limit A → ∞ was investigated, demonstrating that (scaling m to zero such that mA = const.) it is again identical to the metric of a spherical impulsive gravitational wave generated either by a snapping string, or an expanding strut.
It was natural to expect that the analogous null limit of infinite acceleration A → ∞ of a more general C-metric with a cosmological constant Λ (see [59] [60] [61] [62] ), would generate an expanding spherical impulsive wave (9) in the (anti-)de Sitter universe. Such limit turned out to be mathematically more involved but was finally performed in [14] (15), (18) and (19) .
Further details on the various construction methods, related topics and references can be found in the reviews [1, 63, 64] .
Geodesics in expanding impulsive waves
In this section we focus on geodesics in expanding spherical impulsive waves propagating in background spacetimes of constant curvature. Thereby we will exclusively use the continuous form (9) of the metric. Also previous work on geodesics in these geometries was solely concerned with this form of the metric. Note that this is in contrast to nonexpanding impulsive waves where the distributional forms of the metric have also widely been used, see [8, Sec. 3 .1] for a brief overview as well as the recent work [9] . The reason is that in the expanding case the distributional forms of the metric (13), (20) , and (23) are more complicated than those in the nonexpanding case and that (20) and (23), in addition, contain much wilder singularities.
Indeed, the explicit form of the geodesics in Minkowski spacetime with expanding spherical gravitational impulses were presented in [15] using the metric (9) with Λ = 0. As indicated in the introduction the method employed was a matching procedure where the geodesics of the background on either side of the impulse were pasted together in a C 1 -manner, i.e., by equating the corresponding positions and velocities at the time of interaction with the impulse at U = 0. Strictly speaking, this procedure is mathematically justified only in the case of the geometrically privileged family of geodesics with Z = const. while in the general case it was assumed without proof that the geodesics indeed are C 1 -curves. In [16] this procedure was generalised to the Λ = 0 cases. To again employ the "C 1 -matching" procedure it had to be assumed that all geodesics crossing the impulsive wave actually are continuously differentiable curves. With this assumption, in all cases Λ > 0, Λ = 0, Λ < 0 the general results on the explicit form of the geodesics have been obtained and employed for a physical discussion of geodesic motion in specific impulsive solutions, such as the refraction of geodesics caused by the spherical impulse generated by a snapping cosmic string, i.e., (9) with (11) .
It is the main aim of this article to prove that the "C 1 -matching" procedure is actually a mathematically valid technique. This, in particular, includes an argument that the geodesics are indeed curves of regularity C 1 , but actually more is needed (cf. [8, Remark 4.1]). In fact, we have to prove the following facts on the geodesics in the impulsive wave spacetimes:
• the geodesics heading towards the impulse cross it,
• they are unique, and
• they are continuously differentiable, i.e., of C 1 -regularity.
It is only under these circumstances that the matching of the geodesics of the background spacetimes -by equating their positions and velocities at the instant of interaction with the impulsive wave -is guaranteed to give the correct answer.
The geodesic equations
We will start out by explicitly deriving the geodesic equations in the real version of the continuous metric (9) which will also enable us to perform a detailed analysis of the form and the regularity of the resulting system of ordinary differential equations. We consider the metric in the form (9):
where p = 1 + ZZ, = −1, 0, +1, and again
is the Schwarzian derivative of an arbitrary complex function h(Z). However, it will be more convenient to work with the real form of (26) which we obtain by setting Z =
which we will write as
Here (H) and (H) denote the real and imaginary parts of the complex valued function H, respectively, and X i = (X, Y ), i = 1, 2. The components of g ij are explicitly given by
Observe that -apart from singularities of pH -the first two components g 11 , g 22 contain (in that order) a smooth term, a term which is C 
where g ij is the inverse matrix to g ij . The only non-zero Christoffel symbols of (28) are:
Here (s) Γ i jk denotes the Christoffel symbols of the "spatial metric" g ij , and
Observe that (s) Γ i jk , Γ U ij , and Γ i V j , are Lipschitz continuous, while the Christoffel symbols containing a U -derivative of g ij , namely Γ V ij and Γ i U j , are merely L ∞ loc . All other Christoffel symbols are at least Lipschitz continuous, hence not of critical regularity.
The geodesic equations thus take the following explicit form
In terms of regularity, observe that all of the above equations contain Lipschitz continuous terms, which, from the perspective of classical ODE-theory, pose no problem at all. However, the V -and the X-equations in addition contain the L ∞ loc -terms g ij,U , which force us to go beyond classical existence theory for ODEs. Also observe that the system is "fully coupled" -in contrast to the nonexpanding case and pp -waves in particular -so that we cannot decouple either of the equations from the rest of the system.
To apply the Filippov solution theory in the following subsection, we need to rewrite the geodesic equations (39)- (41) in first order form. Thus, the resulting system iṡ
which is now a first-order system with discontinuous right hand side.
Existence of C 1 -geodesics
Geodesic equations with discontinuous right hand side have recently been solved in the class of nonexpanding impulsive gravitational waves by going beyond classical ODE-theory. More precisely, in [65] the geodesics in impulsive pp -waves have been treated using Carathéodory's solution concept (see e.g. [10, Ch. 1]), using the fact that there the U -equation decouples from the rest of the system. In the case of nonexpanding impulsive waves with non-vanishing Λ, the U -equation is coupled to the spatial equations, which made it necessary to go even beyond Carathéodory theory. In fact, employing the more general Filippov solution concept [10, Ch. 2] in [8] we were able to prove existence, uniqueness, and C 1 -regularity of the geodesics in all nonexpanding impulsive gravitational waves on constant curvature backgrounds, thus justifying the previous use of the "C 1 -matching procedure" in these geometries. Given the fact that in the present case the geodesic equations (42)- (45) are all coupled together, we will also employ the Filippov solution concept. For a short review we refer to [66] , and for the present context to [8, Appendix] . The key idea is to replace the discontinuous right hand side F :
by the set-valued function defined as
where co(A) denotes the closed convex hull of a set A (i.e., the intersection of all closed and convex supersets of A), B δ (z) is the closed Euclidean ball around z of radius δ, and µ is the Lebesgue measure. Hence 
Moreover, recall that an absolutely continuous curve is continuous and differentiable almost everywhere.
Of course, if on a subdomain of D the right hand side F is continuous, any Filippov solution is also a classical C 1 -solution of (46) there. However, Filippov solutions exist under much more general conditions. In particular, the question of existence and regularity of the geodesics follows from a general result for locally Lipschitz continuous semi-Riemannian metrics, as in [8] :
Theorem 3.1 (Theorem 2 in [17] ). Let (M, g) be a smooth manifold with a C 0,1 -semi-Riemannian metric g. Then there exist Filippov solutions of the geodesic equations which are C 1 -curves.
This immediately translates to our setting (28) to yield: Corollary 3.2 (Existence). For the entire class of expanding impulsive gravitational waves on any background of constant curvature described by the continuous form of the metric (9) with smooth H we have: Given a point P and any direction v ∈ T P M there exists a solution in the sense of Filippov to the geodesic equation with this initial data, which is a C 1 -curve.
The regularity of the geodesics is actually slightly better. Their velocity is even absolutely continuous, a fact which we will also use in the next subsection. Hence we are provided with the existence of C 1 -geodesics, and we now turn to the more subtle issues of uniqueness and the fate of geodesics reaching the wave impulse.
Uniqueness of geodesics and crossing of the impulse
Observe that uniqueness of geodesics is lost in general locally Lipschitz spacetimes. In fact, the threshold for unique (even classical) solvability of the geodesic equation is the regularity class of C 1,1 -metrics. If one lowers the regularity only slightly below C 1,1 , e.g. by considering metrics in any Hölder class C 1,α with α < 1, classical counterexamples (in the Riemannian case) due to [67, 68] not only show the failure of uniqueness but also of the usual local convexity properties. However, in the present case the metric in addition to being locally Lipschitz is also smooth off a null hypersurface. In particular, it is piecewise smooth and uniqueness of geodesics only becomes an issue at points on the wave impulse. Indeed, uniqueness of the geodesics can be established combining results from [10, Section 2.10, p. 106] with geometric arguments.
In fact, recently we have applied this approach to investigate geodesics in spacetimes with nonexpanding impulses [8] . The core of this argument rested on the fact that the null hypersurface which supports the impulse is totally geodesic. This is clearly not true in the present case of expanding impulses since N = {U = 0} is a null cone. Complementarily, the methods to be employed here could not have been used for the nonexpanding case. To be more precise, the main reasons allowing for a direct geometric approach are:
• the terms in the U -equation (39) are continuous (as opposed to the nonexpanding case), and
• in case of geodesic velocities tangent to N , we exploit the fact that the essentials of the geometry of null hypersurfaces are also valid in C 0,1 -spacetimes.
First, let us elaborate on the first point above. Let γ = (U, V, X i ) be a geodesic given by Corollary 3.2 and recall that γ is C 1 . Thus, since ω is smooth, g ij and g ij,V are (Lipschitz) continuous andU ,Ẋ i are continuous, we see that the terms in the U -equation (39) are continuous. Consequently, the component of the Filippov set-valued map corresponding to the U -equation is just singleton-valued (see subsection 3.2) and so U satisfies (39) almost everywhere. Moreover,U is absolutely continuous soÜ satisfies (39) everywhere, thus U is C 2 .
Second, observe that even for a continuous metric it is true that vectors tangent to a null hypersurface N , with null normal vector field L (i.e., T P N = L ⊥ P ), are either null and proportional to L, or spacelike. Actually the classical argument carries over verbatim. Moreover, in a locally Lipschitz spacetime we have that the Levi-Civita connection satisfies the metric property (i.e., ∇g = 0 almost everywhere, see [29, 30] ) and hence again the standard argument applies to show that the integral curves of L are geodesics that generate N . Consequently, in our case, we may call ∂ V the null generator of N . However, any geodesic starting at a null cone in the direction of a spacelike tangent vector immediately leaves the null cone. In our case this is manifestly seen from the fact that at N the equation for U takes the form
using that U is C 2 . Because we have V > 0 globally, this allows for trivial solutions U = 0 (and thusU = 0 =Ü ) only ifγ(0) =V ∂ V +Ẋ∂ X +Ẏ ∂ Y is proportional to ∂ V , the null generator of N (otherwiseẊ 2 +Ẏ 2 = 0, violating (48)). With these preliminary observations, our strategy is now to directly use results of [10, Sec. We now translate our problem into the language of the above result. To this end we rewrite the geodesic equations (39)- (41) in first order form (42)- (45) in the 8 variables
(µ = 0, . . . , 3 and i = 1, 2) with the equation taking the forṁ
Since the impulse is located at the null hypersurface N = {U = 0} we define D + := {U > 0} to be the "outside" of the null cone, and set D − := {U < 0} to be its "inside". Analogously we define N ⊆ R 8 by N := {z ∈ R 8 : z 1 ≡ x 0 ≡ U = 0} and set D + := {z ∈ R 8 : z 1 > 0} and D − := {z ∈ R 8 : z 1 < 0}. Then the first standard unit vector e 1 ∈ R 8 is a normal to N pointing from D − to D + and hence F + n = F − n =U . Now consider a geodesic γ = (U, V, X i ) : [0, T ) → M of Corollary 3.2 which starts at a point γ(0) = P ∈ D + "outside" the null cone, i.e., with U (0) = U 0 > 0 and that meets the impulse located at the null cone {U = 0} (for the first time) at a parameter value τ i . With these assumptions, we clearly haveU (τ ) < 0 for all τ < τ i near enough to τ i , and so by the C 1 -property of the geodesicsU (τ i ) ≤ 0. We now distinguish two cases:
(1) γ meets N transversally, i.e.U (τ i ) < 0, and (2) γ meets N tangentially, i.e.U (τ i ) = 0.
In the first case, clearly Lemma 3.4 applies to guarantee that γ continues uniquely to negative values of U (i.e., to the "inside" of the null cone D − ). Also, this case is "time symmetric", that is if a geodesic starts with negative U -values (i.e., "inside" the cone, that is in D − ) and hits N transversally then it continues uniquely to positive values of U , (i.e., to the "outside" D + ).
At this point we make the following essential observation: For geodesics γ in the sense of Theorem 3.1 in general C 0,1 -spacetimes the scalar product of their tangent g(γ,γ) and hence their causal character is not necessarily preserved: Indeed, the usual argument fails sinceγ only needs to obey an inclusion relation (at almost all points) rather than ∇γγ = 0.
Returning to our case and to a geodesic γ of Corollary 3.2 starting in D + we clearly have that g(γ(τ ),γ(τ )) = g(γ(0),γ(0)) =: c as long as γ stays in D + , i.e., for τ < τ i , since there it satisfies the smooth geodesic equation. Moreover, by the C 1 -property we have that also g(γ(τ i ),γ(τ i )) = c. However, unless we know that γ only hits N in isolated points we cannot infer that g(γ,γ) = c globally, since, in principle, γ could stay for some time within the wave surface N and there its derivative again would only satisfy the inclusion relation (almost everywhere). We will, however, prove in the course of our discussion that this does not happen and that all geodesics γ starting in D + (resp. in D − ) and hitting N only do so in isolated points and hence the scalar product of their tangent as well as their causal character is globally preserved.
In fact, we have already (almost) established this for case (1), i.e., for all geodesics γ hitting N transversally either from the "outside" or from the "inside". By the above, all such γ uniquely continue immediately to the "inside" (resp. to the "outside") and hence g(γ,γ) is preserved. This completely settles the case for all causal (i.e., timelike or null) geodesics of case (1) since they cannot hit the null cone N twice. All such γ are globally unique solutions of the respective initial value problem and moreover they meet N at the single instant τ i of (parameter) time which finally implies that g(γ,γ) is globally preserved.
We are left with γ of case (1) starting out spacelike in D + and hitting N . Again γ enters the interior D − immediately with unchanged g(γ,γ), hence stays spacelike and will eventually hit N again. By an argument given below it actually again hits transversally. Then by our above discussion of the "time symmetric" case, γ again crosses N uniquely and proceeds in a spacelike manner back to the "outside". So such γ again are globally unique solutions of the respective initial value problem meeting N at two isolated instants of (parameter) time and finally g(γ,γ) is globally preserved. This now completely settles case (1).
Turning to case (2), we first note that the scalar product of the geodesic tangent upon hitting the impulse satisfies g(γ,γ)
which in case (2) (that is, γ hits N tangentially) further simplifies to g(γ,γ)
since in this caseU (τ i ) = 0. By the above discussion this is impossible for all geodesics γ that started out timelike in D + (resp. D − ). Hence for such γ we find ourselves exclusively in case (1) which we have already settled: hence we are done with all timelike geodesics. To deal with case (2) we thus only need to consider geodesics that start out either null or spacelike in D + and we will distinguish two subcases:
In case (2a),γ(τ i ) is actually proportional to the null generator ∂ V of N and if we were in a smooth spacetime we could conclude immediately by uniqueness that γ could not have started in D + in the first place. In our situation we have to be more careful and argue as follows: The geodesic γ for τ < τ i lies in D + hence satisfies the smooth geodesic equation and consequently, by the C 1 -property, 0 = g(γ(τ i ),γ(τ i )) = g(γ(τ ),γ(τ )) for all τ < τ i . So γ is a null geodesic also for τ < τ i , that is in D + , and hence also a (smooth) null geodesic in the background spacetime, which by assumption hits N tangentially. By the continuity of its tangent, it also hits N tangentially in the background spacetime, which is clearly not possible. So such a γ does not exist, and similarly in the "time symmetric" case there does not exist any null geodesic γ starting in the "inside" D − of the null cone and hitting N tangentially at τ = τ i with γ(τ i ) being a null vector.
This argument also proves the fact that if a geodesic γ = (U, V, X i ) in the sense of Corollary 3.2 at some parameter value τ 0 satisfies U (τ 0 ) = 0 andγ(τ 0 ) is proportional to the generator ∂ V of N , then γ lies entirely in N . Then it even follows that γ is one of the null generators: its velocity being tangent to N is either null and in span(∂ V ) or spacelike. The latter possibility is ruled out since it would cause γ to leave N and consequently the V -equation (40) reduces toV = 0.
Thus also the solutions of the geodesic equation with data γ(0) ∈ N andγ(0) null are unique. Moreover the argument to be laid out in the following paragraph also establishes this fact for spacelikeγ(0). Observe that it is the geometry that leads to this conclusion, which seems rather unexpected just from looking at the equations which in this case are merely differential inclusions.
Finally, we are left with discussing case (2b), where we know already that γ started out in D + as a spacelike geodesic. Using the conditions U (τ i ) = 0 =U (τ i ) the geodesic equation (39) impliesÜ
where positivity follows from condition (2b) inserted into (52) and keeping in mind that we have V > 0 anyway. Hence U has a strict local minimum at τ i , and consequently γ which started in D + with positive values of U returns to positive U -values, hence touches N just at the single instant τ i and continues uniquely into D + as a spacelike geodesic. In particular, it stays outside the null cone and actually is a geodesics of the background outside the impulse, hence smooth. To end this discussion, observe that here no "time symmetric" case exists, since a geodesic starting with negative U -values, i.e., in D − cannot attain U (τ i ) = 0 and at the same time have a minimum at τ i . Hence this excludes the existence of geodesics spacelike in the "inside" and hitting N tangentially, a fact which we have already used above.
Summing up, we have proved that all geodesics of Corollary 3.2 are unique solutions of the respective initial value problem. Moreover we have gained complete information on their behaviour when meeting the impulse: Theorem 3.5 (Uniqueness). For the entire class of expanding impulsive gravitational waves on any background of constant curvature described by the continuous form of the metric (9) with smooth H we have: Given any point P and any direction v ∈ T P M there exists a unique C 1 -solution γ in the sense of Filippov to the geodesic equations with this initial data.
Moreover, if such a geodesic meets the impulsive wave located at N = {U = 0} at all, it is either one of its null generators or it hits it in isolated points.
Consequently we globally have: 
and, in particular, the causal character of γ can be defined globally.
Another conclusion to be drawn from the above discussion and Theorem 3.5 concerns the actual behaviour of the geodesics starting off the wave impulse and hitting it: Corollary 3.7 (Crossing the expanding impulse). The geodesics of Theorem 3.5 that start off the wave surface N = {U = 0} and hit it at all, do so in isolated points either (a) transversally and pass from the "outside" D + to the "inside" D − , or vice versa, or (b) tangentially, in which case they are spacelike and come from the "outside" D + and revert to the "outside" D + again.
Remark 3.8 (Uniqueness for non-smooth H). If the function H has singularities then, given arbitrary initial data, the geodesic equation possesses locally defined unique C 1 -solutions in any region where H is sufficiently smooth.
Finally, we see that all the necessary facts have been established to state our main achievements on the geodesics in all expanding impulsive gravitational waves propagating in constant curvature backgrounds with any cosmological constant Λ:
1. The "C 1 -matching procedure" is a mathematically valid method to explicitly describe the form of the geodesics that cross the wave impulse (i.e., those of Corollary 3.7(a)).
2. We have found geodesics that just touch the impulse, i.e., those of Corollary 3.7(b), which are not not covered by the "C 1 -matching" 5 and which are actually geodesics of the background spacetime outside the impulse and, in particular, smooth.
Remark 3.9 (Completeness). Note that the geodesic completeness depends crucially on the topology "outside" the impulse (assuming, as usual, that the "inside" is a part of the background spacetime without topological defects like cosmic strings). Therefore, no general statements can be made about the completeness of the geodesics given by Theorem 3.5. However, since we proved that geodesics that hit the impulse either cross it to D − or return to D + , the impulsive wave surface is no obstruction to locally continue the geodesics. Thus the only obstructions can come from global topological effects.
4 Explicit C 1 -matching of geodesics crossing the impulse
To complete our investigation, in this final section we summarise the main results on the refraction of geodesics by expanding impulses, as derived previously in [15, 16] , that have now been rigorously justified by the results of Section 3.
The idea of such a "C 1 -matching procedure" is based on the fact that the geodesics crossing the impulsive wave surface N are uniquely defined C 1 -curves in the continuous coordinates (9) hence their positions and velocities at the instant of interaction are the same on both sides of N .
To directly observe the influence of such an expanding impulse, it is beneficial to employ relations (2) and (5), and to transform the explicit components of the interaction position and velocity (denoted by the subscript i ) of the global C 1 -geodesics from the continuous system (9) into the coordinate system (1), naturally associated with the background spaces of constant curvature. We do so separately in the regions outside the impulse (U > 0, the superscript + ) using (5), and inside of it (U < 0, the superscript − ) using (2) . By combining these expressions we explicitly relate the parameters of a geodesic approaching the impulse from the region U > 0 to the unique one describing its continuation in the region U < 0. For the relation between the positions we thus get
while the relation between the velocities iṡ 
